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1. Introduction

In recent years, the maximal regularity properties of abstract differential
equations, especially for elliptic and parabolic types have been studied extensively,
e.g. in [1],[2].[4].[5],[11] and the references therein. Moreover, the nonlocal
differential equations have been treated e.g. in [8]. Convolution operators in
Banach—valued function spaces studied e.g. in [6],[11]. However, the nonlocal
differential operator equations are relatively less investigated subjects. The
parabolic type nonlocal differential equation with bounded operator coefficients
was investigated in [3]. The main aim of the present paper is to establish maximal
regularity properties of the Cauchy problem for the following parabolic nonlocal
differential operator equations with parameter

du . _ .
E—I_ Z ga, *Dut+A=u=f(tx),t€(07T),x ER",
lal =t (D)
u(0,x) =0,x ER",0<T < oo,
in E — valued mixed L, spaces, where a, =a,(x) are complex-valued
functions, ! is a natural number, @ = (&, a@;, .., @,), @, are nonnegative
4

integers, &= (£y,85,...,5,),8, =[l3=, 5. [ , &, are positive parameter and
A = A(x) is a linear operator in a Banach space E. Here, the convolutions
a, * D%u, A * u are defined in the distribution sense (see e.g. [2]).

2. Notations and background
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Let E be a Banach space and ¥ = y(x),x = (x,,%,,...,%,) be a positive
measurable weighted function on a measurable subset 22 © R" Let
Ly (12; E) denote the space of all strongly measurable E -valued functions that are

defined on £2 with the norm
1

1y, = 11l (o = f IFIZyx)dx | 1< p <o,

for y(x) = 1, the space L, (£2; E) will be denoted by L , = L ,(1%; E)
|If|l1x YIJ"'E:I = e5% SUP[}’(I)”f(?‘)"E]

The weight function y = y(x) is said to satisfy an A, condition, i.e.,
y(x) EA,, 1 <p < oo ifthere is a positive constant C such that

p—1

sup —J. y(x) dx J.}* p=1(x) dx =C
e \ QI lel
Q
for all compacts @ = R" (see [?,Ch. 9l.
Let  be the set of complex numbers and
S ={A:A€C Jargll = e} u{0},0 = p <.
Let E, and E, be two Banach spaces and let B(E,, E,) denote the space of

bounded linear operators from E; to E,. For E; = E, = E we denote B(E, E) by
B(E).
A closed linear operator 4 is said to be ¢ — sectorial in Banach space E with
bound M = 0 if KerA = {0}, D(A4) and R(A) are dense on E and
I(A+AD g = MIAIT?
forall A € Slp,qu S [El,rrj, where I is an identity operator in E. It is known that
the fractional powers of the operator A are well defined. Let E [ﬁlg) denote the
space D [ﬁlg) with the graph norm
1
||IL|IEI:A|5:| = (IlmllﬁI + ||f1‘gu,||p) l1<p<owm—w<f<om

Let S = S(IR"; E) denotes the Schwartz class, i.e., the space of E — valued
rapidly decreasing smooth functions on ", equipped with its usual topology
generated by seminorms. Here, S'(IR"; E) denotes the space of all continuous
linear operators L:S(R™;E) — E, equipped with the bounded convergence
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topology. Recall S(R™E) is norm dense in L, (R"E) when
l1<p<oo yEA,.
Let F denotes the Fourier transform defined by

i(f) =Fu= J. e u(x)dx foru € S(R"™E)
mi"l.
and x, & € R™. It is known that

F(DEf) = (i&)% ... (i1&,)* f, DE(F(f)) = F[(—ix,)® ... (—ix,)*n f]
forall f € S'(R"™;E).
The inverse Fourier transform

Flu=(2m)™" J- e (&) dE.

m.‘l
Let E be Banach space. The function w = Tu: B* — B(E) is called a Fourier
multiplier L, (R™; E) for p € (1,00) if
||F—1TF“||L.F},(|1;-‘1:E} < Cllully, (zm,0), v € S(R™ E).

The space of all Fourier multipliers from L, . (R"; E') will be denoted M2'Y (E).

A Banach space E is called a UMD space (see e.g. [3],[10]) if the Hilbert
operator

f)

xr—-¥

EN@ =tm [ Tay
: le—yl=>s
is initially defined on S(IR; E) and is bounded in L ,(R; E),p € (1,00) ([5]).
A family of operators T = B(E,.E,) is called R — bounded if there is a
constant € = 0 such that for all Ty, T5, ....T, € T and ty,uq,.... U, € E; and
for all independent, symmetric {—1; 1} valued random variables ; on [0; 1]

1 m 1 m

fZ.H}-(}’)T}H}- d_vii?f Z;c}-(}f)u}- dy

=1 =1
U | ] E, LI | E.

is valid. The smallest C is called the R — bound of 7 and denoted by R (7).

Definition 2.1. A Banach space E is said to be a space satisfying the multiplier
condition with respect to weighted function ¥ and p € (1,00) if for any
¥ € ¢™(R™"\{0}; B(E)) the R — boundedness of the set
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{1121 DEw ():¢ € R™\(OL8 = (BB, . 8,) B € (01)]
implies that ¥ is a Fourier multiplierin L, . (R™;E), i.e. ¥ € M27 (E).
Definition 2.2. A sectorial operator A(x),x € R" is said to be uniformly R —
sectorial in a Banach space E if there exists ¢ € [0,7) such that
sup R{[A(x)(A(x) + D) ']:¢ € Slp} =M.

xER'

Let A = A(x),x € R™ be closed linear operator in E with domain D(4)
independent x. The Fourier transformation of A(x) is a linear operator with the
domain D {A) defined

A(D)ulp) = A(x)u(@) forue S'(R™E), ¢ € S(R"),

Let A = A(x) be a linear operator with domain D (4) independent on x € R"

such that Au € L'(R™; E) for u € S(R"™; D(4)). The convolution 4 *u of A

and u € S(R™; D(A)) is defined as

A=y = f Alx)u(x— &) df forue 5[]1%”; D(H]).
[E.“
Let E; and E be two Banach spaces where Ej is continuously and densely
embedded into E. Let [ be a natural number. WJ}F (R"; E,, E') denotes the space of
all functions from S'(R"; Ey) such that u € L, (R"; E;) and the generalized

derivatives DL u = 2—;; € L, (R"; E) with the norm
K

n
Il a9 = Ml ey + D 1Dk, o <
=1 '

3. Nonlocal differential operator equations
Consider the following nonlocal differential operator equation

ga, *Dut+ Axu=f(x),x eR* (2
|l =i
where A = A(x)is a linear operator in a Banach space E for x € R",
a, = a,(x) are complex — valued functions.

We defined sufficient conditions for the separability of a linear problem which
are the followings.

Condition 3.1. Suppose the followings are satisfied:
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(O L) = Tialar 2.5 (E) )% € 5,0, € [0,7) for § € B,

n
L&)l = cz |G oo |IE", all k) = (00, ...,1,0,0, ...,0),i. ., = 0,
k=1

i#k,a,=1Li=12 ..,n;
(@ dzeC™(R")and
1218 o P&z = €.8, e {01t o <Ifl < n;
@) for0 = 18l = n. &5 e RN {0k
[DFAE]A4E) e c(R™: B(E)). I1# || [DFA] A4 o, = Co
Here A(£) is a uniformly @ — sectorial operator in E with ¢ & [0, 7).
Consider operator functions

0 (§.2) = 2D,(6.2),0,,(6.2) = AO)D. (6.2,
&) = ) AT GO D,ED,

| el =1

where
1

D (&) =[A) +L.(5)+2]

In our old work [9] we proved the following lemma.
Lemma 3.1. Assume that Condition 3.1 is satisfied. If the operator functions
o, (£, 1) for AES, @ € [0,m) and the operators

|18l Dgﬂe; (£,4),i = 0,1,2 are uniformly bounded, then the following sets

5. (6.4 = {16181 Dfo, (.2):¢ € RO} = 0,12

are uniformly B — bounded for 8, € {0,1},0 < [B| < n.

Here, E is a Banach space satisfying the multiplier condition with respect to
weighted function ¥ and p € (1,2) and A(&) is a uniformly R — sectorial
operator in E with ¢ € [0,7).

Now, consider the following nonlocal differential operator equation

ga, *Dut(A+A)su=Ff, (3)
leel =1
where &, £,, A are parameters, a, are complex — valued functions defined in (1)
and A is a linear operator in a Banach space E'.
Theorem 3.1. Assume that Condition 3.1 holds and E is a Banach space
satisfying the multiplier condition with respect to weighted function ¥ and
p € (1,0). Let A(£) be a uniformly R — sectorial operator in E with @ € [0,7).
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AE 5, and 0=e¢@+ @, + @, < m Then, problem (3) has a unique
solution 1 and the coercive uniform estimate holds

al

el
g AT llag = D%ully + 1A = ully + Al llully < Cliflly  (4)
el =2
forall f € XandA €5,.
Here,
X=1,,(R%E)Y =W, (R%;E(A),E),p € (1,»)
Let . be an operator in X generated by problem (3) for A = 0, i.e.

D(¢E ) c y}¢51£ = Z Eﬁ‘ﬂ'ﬂ’ ;DIR’H._FA ® 10,
lal =t

Theorem 3.2. Assume that Theorem 3.1 holds and the following conditions are
satisfied:

) Al = A ull; = |G ull . & € R u e D(A), x € B™;
2) forall,k} =(0.0,...0,0.0.....0Lie.a; =0, i T k.ap = L
n 1

n

CLZ eiclGatio 16l < 1L ()] < ’::Z el daruio 161", § € R™,

k=L k=1
and there exists x, € R" such that
A(&)A™ (xy) €L (R™B(E)).E, x, € R,
CillACx)ull < [lA(x)ull < CllA(x )ull,.u € D(A),x € B”
where €y, C5 are positive constants.
Then for it € ¥ there are positive constants M, M, such that
Myllully = l#.ully = My llully.
From Theorem 3.1 we have:

Result 3.1. Assume that the all conditions of Theorem 3.1 are satisfied. Then, for
all A € 5, the following uniform coercive estimate holds

,_lal
£l llag # D(#, + D) gy + 14 % (£, + D)l ay
el =1
+ IA(2, + ) Hlgee, = C.
4. The Cauchy problem for parabolic nonlocal differential operator equations

In this section, we shall consider the Cauchy problem for the nonlocal parabolic
equation
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%-I— Zsﬁaﬂﬁﬂ‘ru-l-ﬂ*u:f[t,x], (5)
lal =1
u(0,x) =0, te(0,T),x ER",T<
where £, is defines as in (1) @, are complex valued functions defined as in (1) and
Ais a linear operator in a Banach space E.
By using the definition of the norm of the function for the space

L,(R"),p = (py, Ps, -, P, ) Which the norm is
Ifllpar = 1l o8

Pr-1

PR
[E]

s E:"

_ I f flf(x]l”'—dxi pdx: S dxp
P

R* \R*

J
we can be denoted the space of all p-summable E — valued functions for
RY = (0.T)xR"p =(p.p,), Z=1L,, (RF5E) with mixed norm,
which is

1

g By
o

ST
Ifllz = If(x O)llgy(x)dx | dt | < co.
[y

Here, the space of all measurable E — valued functions f defined on RZ*?,

Let E; and E be two Banach spaces, where Ej is continuously and densely
embedded into E. Suppose [ is an integer and Z, = H;,J”}, (R%*; E,, E') denotes
the space of all functions it € Z such that the generalized derivatives

D,u,Dju € Z,withthe norm

n
lellz, = lleell g,y + 1Dl + Y [|Dgad] .
=1

where

E(Euj = ij_,}l' (E?z!'ﬂi Euj

Applying Theorem 3.1 we establish the maximal regularity of (5) in Z. For this
purpose, we need the following result:

Theorem 4.1. Assume that the all conditions of Theorem 3.1 are satisfied. Then
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operator ¥ is uniformly B —sectorial in X"

Proof. The Result 3.1 implies that ¥, is a sectorial operator in X. We have to
prove the B —boundedness of the set

o (&) ={A(e. + D) Aes )

Indeed, from the proof of Theorem 3.1 we have

Me.+ D) f=F o (& ADf.feX

where

0oe (6.2) =A@ + 1. +4] .

By using Lemma 3.1 and definition of & —boundedness, it is enough to show that

the operator function o, (£,4) (depended on variable A and parameter £) is a
multiplier in X. Then, we have

1]l m
| P x
= ZH}-(}’)F o (8 A)F || dy
i=1

F*Zﬂ;(}?)ﬂof[f’i}-)ﬁ dy

=1

1
o
j- m
o

L] m

=C f Z p, (M| dy

o =1 5

forall§ € R", 4,40, ., A, € S, fi, for s fry € X,m € Wowhere {u;}isa
sequence of independent symmetric {—1; 1} valued random variables on [0; 1].
Hence, the set o, (£, 4) is uniformly R —bounded.
Now, we are ready to state the main result of this section.
Theorem 4.2. Assume that all the conditions of Theorem 3.1 are satisfied for

@ E G :'r). Then the equation (5) has a unique solution
u € W;,l (R%*; E(A), E). Moreover, the following coercive uniform estimate

¥
holds
‘ du

at

+ Z e, lla, * D=ull, + 14 = ull, < ClIfll,. 6)
=z

| el =t
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Proof. By Fubini’s theorem we have Z = L, (0,T; X). Moreover, by definition
of spaces ¥, Z, for E, = E(4) and by Theorem 3.2 we obtain

+ 12 ull;
=

du
+lleully,, oz = HE

du
ez, = llellzca + |5

Ly (0.T:X)

n
du .
~ ||Aull; + HEHE +;||D,‘{u||z o ||u||zn

where
z(A) =L, (0.T;X(4)).x(4) =L, (RELE(4)).X =L, (R%E).
Hence, we get
Z, =W,;(0,T; D(®,),X), for E; = E(A).
Therefore, the problem (5) can be expressed as
ek

—+ 2u() = f(D,u(0) = 0t ER,. (7)

By virtue of [2,Theorem 4.5.2] and [6]. X is a Banach space satisfying the
multiplier condition with respect to p € (1,20). Then due to R —sectoriality of &,
with ¢ € G,HJ, by virtue of [12,Theorem 4.2], for f € L, (0,T; X) the
problem ]

‘ di

dt Ly, (0.TiX)
In view of Results 3.1 and from the above estimate, we get (6).

+ ||‘?’s”||i-p._(u,r:x} = C"ﬂli-p._'iﬁ,r:x}'

5. Conculusion

As a result, we obtained the coercive uniform estimate of the solution of the
Cauchy problem for parabolic nonlocal differential operator equations.
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